Abstract: A mixed lubrication model that permits real three-dimensional surface topography as input is developed. The theory of computing flow factors within the model is presented, and with a following paper (Part 2) the method of measuring and adapting the surface roughness, and model validation through flow measurements and application to a bearing is shown. A contact mechanics model is used to calculate the elastoplastic displacement of a periodic topography signal. A method based on homogenization is used to calculate flow factors for all lubrication regimes. The flow factors are compared with the Patir and Cheng method. Results indicate that the two methods compare well for longitudinal roughness lay, but differ significantly for a crosspatterned surface roughness due to the more complete flow description of the current model.
INTRODUCTION
The mechanical conditions in an interface operating in mixed lubrication are complex. The surface topography is a component with crucial impact and is exclusively responsible for the existence of the regime called mixed lubrication. In an interface the surface asperities interact through direct contact and thereby carry part of the load. The rest of the load is carried by the pressurized lubricant that percolates through the maze formed by contacting asperity peaks. Topography is a feature that oscillates rapidly compared to the geometrical shape of the tribological surfaces. Direct numerical simulations of interacting rough surfaces therefore require many degrees of freedom, often beyond reasonable computing effort.
Almost no industrial software is available to robustly and efficiently simulate mixed lubrication conditions. Much more development is therefore required. This work presents a model that simulates lubrication in all regimes with the main target to incorporate real measured surface topography in an efficient manner.
The work is divided into two parts, this being Part 1 that outlines the theoretical foundation for the current model. In Part 2 [1] , the theory is validated, and a bearing in operation is simulated.
A majority of the theoretical models in the tribology literature have been developed to simulate contact mechanics or fluid mechanics. The most widely utilized model to simulate rough surface contact mechanics was developed by Greenwood and Williamson [2] . That model calculates the contact between a nominally flat elastic rough surface and a rigid plane. Greenwood and Williamson also considered the contact of two rough surfaces, and a generalization of their previous model is presented in reference [3] . This contact mechanics model has been used in various mixed lubrication models (for example, see references [4] to [8] ).
The main advantage of the model of Greenwood and Williamson, and also the reason for its popularity, is its simple implementation and efficiency. There are, however, two major disadvantages. One is the unrealistic representation of the surface topography, where surface asperities are modelled with spherical summits of constant radii and randomly varied heights. The other is that the elastic displacement for each asperity is calculated using the Hertzian theory without considering the interaction between the asperities. Some efficient deterministic contact models considering the Boussinesq problem have been designed to calculate the convolution describing elastic displacement. Brandt and Lubrecht [9] developed a multi-level multi-summation (MLMS) method that reduces the number of algebraic equations to be evaluated. Ju and Farris [10] introduced the method of calculating the convolution by means of continuous Fourier transforms for one-dimensional (1D) elastic contact problems in order to reduce the required data storage and made use of fast Fourier transforms (FFT) to increase computational speed. Stanley and Kato [11] combined the continuous convolution FFT (CC-FFT) method in reference [10] with a variational principle to solve both the 1D and the 2D partial contact problem of rough surfaces.
Wang et al. [12] described a way to implement the method of discrete convolution FFT (DC-FFT) and compared this with direct summation (DS) and MLMS. They concluded that the DC-FFT method was the fastest method even for non-periodic problems. The treatment required to attenuate the periodic artefacts (see Liu et al. [13] ), when either DC-FFT or CC-FFT is applied to a non-periodic problem, leads to an increase in the total complexity. While remaining controllable for the DC-FFT, the total complexity after applying the CC-FFT to a non-periodic problem becomes unacceptably high. Use of CC-FFT should therefore be restricted to periodic problems.
Full film lubrication is accurately modelled by the Reynolds equation that is solved numerically on a discrete domain. Many degrees of freedoms are required to accurately resolve the effects of single asperities in a rough surface interface. A direct numerical solution of the Reynolds equation thus requires much computing effort. Therefore, various methods to reduce the number of degrees of freedom of the flow problem have been proposed. Precursors of an approach based on 'flow factors' are Patir and Cheng (PC) [14, 15] . They derived an average flow model based on flow factors acquired by solving rough surface model problems. The flow factors are included as coefficients in a modified Reynolds equation that is solved on a smooth global domain. This renders a problem considering the averaged effects from the deterministic roughness.
One problem with the PC method, which is inherited from the heuristic nature in the derivation of the model, is that no off-diagonal terms are present in the flow factor tensors. Hence, effects due to anisotropic roughness or roughness having a diagonal lay (with respect to the flow direction) cannot be properly detected in the solutions.
More thorough derivations of flow factor methods were made by Elrod [16] and Tripp [17] who discussed the off-diagonal terms of the flow factor tensor. Elrod took an analytical approach and was the first to make a multiple-scale analysis for arbitrary topographies. He found that the effects of a general striation pattern (i.e. a striation pattern with an arbitrary lay direction, could not be detected properly in the PC method). A similar conclusion was made by Peeken et al. [18] who showed that the results based on the PC method differed substantially from the Tripp and Elrod models when surfaces with an arbitrary lay direction were used as input.
To overcome, once and for all, the above-mentioned ambiguities with the derivation of the PC and similar methods, the technique known as homogenization can be used to derive a homogenized Reynolds equation that reflects the averaged effect of arbitrary surface roughness. As with other flow factor methods, transport coefficients are computed by solving local cell problems for deterministic surface roughness. The coefficients are used in the homogenized Reynolds equation, defined on a global scale representing the geometry of the application, to capture the effects of the surface roughness. Early implementations of homogenization in tribology are included in references [19] to [26] . Other more recent publications where the method of homogenization is used are references [27] to [38] .
In the mixed lubrication regime, the surface deformation is governed by both hydrodynamic pressure generation and direct asperity contact pressure. A common approach to model mixed lubrication is to calculate the hydrodynamic pressure and contact pressure separately and then superimpose the average contact pressure on the hydrodynamic pressure to balance the applied load.
Chistensen [39] [40] [41] was one of the first to attempt to build such a theoretical model of the mixed lubrication problem. The surface roughness was modelled with random height distribution and surface deformation was not considered. The model was extended by Lebeck et al. [42] , to take elastic deformation into account.
A better model would be to consider the hydrodynamic pressure and asperity contact as a coupled system. Some attempts at this have been made by various authors, e.g. Hu and Zhu, who developed a mixed lubrication model in reference [43] that solves the full elastohydrodynamic problem. Since no averaging technique was used, the model may only be applied to small regions such as point contacts. Another problem with the elastohydrodynamic approach is that direct asperity contact never occurs. This was overcome by defining a minimum film thickness as asperity contact.
To overcome the restriction of only being able to simulate point contacts, the PC method has been incorporated into mixed lubrication modelling by various authors. Some examples are Ruan et al. [44] and Polycarpou and Etsion [6, 7] with applications for mechanical face seals. More precisely, they used the elastic displacement model from reference [2] , extended by Chang et al. [45] to treat plastic deformation, and the method suggested by PC for the hydrodynamic flow. Other examples include Lo [46] , who presented an approach based on a porous medium model, Wang et al. [47] , who incorporated an FFT-based elastic contact model and extended the problem to consider elastohydrodynamic flow under mixed lubrication conditions, and Harp and Salant [48] , who formulated the flow problem to treat inter-asperity cavitation.
In the current article, a two-scale model to simulate mixed lubrication conditions designed to treat arbitrary deterministic surface roughness measurements as input is presented. Rough surface deformation of the partial contact problem is calculated with an improved algorithm based on DC-FFT with a scheme that enables an equally efficient solution for elastic perfectly plastic conditions as for purely elastic conditions. For the hydrodynamic contribution improvements are made by utilizing the homogenization technique known as multiple-scale expansion to homogenize the Reynolds equation [27] .
In the homogenization procedure, the local roughness scale is decoupled from the global smooth geometry scale. With a measured topography of a small part of the total surface as the only input, local cell problems that contain all the necessary information about the roughness contribution on local surface deformation and flow are solved. The smooth homogenized problem may then be efficiently solved on an arbitrary global geometry. The advantages of computing flow factors in this way are its straightforwardness and rapidity, its complete unambiguity, and its rigorous mathematical foundation with only the surface topography as input.
The current article is divided into two parts, with this being Part 1 presenting the theory for the model. It is here assumed that the digitized surface topography is adapted to suit the requirements from the model. A suggestion for such an adaptation process is reported in Part 2 [1] . Part 2 also presents an experimental justification of the validity of the model, and a bearing operating under mixed lubrication conditions is being simulated.
ROUGH SURFACE APERTURE
The relative position between the mating surfaces interacting in a tribological contact is critical to the performance of the interface. A useful feature in thin film lubrication is that it suffices to consider the relative gap, frequently referred to as the film thickness, between the surfaces. This article deals with mixed lubrication and the gap between the surfaces may be zero. Therefore, the term aperture will be used, and the global aperture is defined as the function describing the relative distance between the two interacting rough surfaces on the global scale (i.e. h 0 (x) 0, ∀x ∈ ⊂ R 2 ). In this terminology, the influence of the roughness from the particular surfaces is small in the case of a large aperture between the interacting surfaces. As the aperture decreases, the contribution from surface roughness plays a role of increasing importance.
Surface roughness generally consists of a large spectrum of frequencies, some of which are more important than others in the specific interface. The model proposed in this article assumes the interface to be described by exactly two separable scales. This means that for the model to be valid, the largest significant wavelength must be significantly smaller than the length scale of the tribological interface. It is realized that this is a very vaguely posed criterion. However, as has been shown many times before (for example, see references [27] , [36] , and [49] ), the two-scale criterion is met for roughness patterns exhibiting wavelengths that are likely to be found in realistic applications.
In Fig. 1 , an example of a rough surface is shown. A white square has been added to indicate the characteristic roughness wavelength (i.e. this is the window of periodicity for the surface specimen). The part of the surface within the square is mathematically modelled by the local aperture function h 1 (y) where the local coordinate system is y ∈ Y = [0, 1] 2 . The total aperture between the surfaces is defined as the sum of the global geometry component and the roughness component as
where h 1 is periodic on Y with typical wavelength ε and with arithmetic mean located at the level of h 0 . The above definition of the total aperture is the basis for the simulation approach used in this article.
CONTACT MECHANICS
This section describes the approach used to calculate the frictionless elastic perfectly plastic displacement due to surface asperity contact. The approach is similar to that outlined by Stanley and Kato in reference [11] and later modified to account for plastic displacement by Almqvist et al. in reference [50] . Because of the very specific aperture description in the current work, the contact mechanics model is presented in more detail in this section. The focus here is on the deformation on the local scale of the aperture, h 1 (y). It is, however, possible to couple the global displacement on h 0 with the displacement of the local surface roughness h 1 .
Simply by adding the local-scale displacement contribution u(y) to the description of the undeformed aperture equation (1), an expression for deformed aperture is obtained as
The total displacement u may consist of an elastic component, u e , and a plastic component, u p (i.e. u = u e + u p ). Note that h 0 everywhere and that the patches where h = 0 define the contact plane. Let the arithmetic mean of the local roughness component h 1 be described byĥ 1 . As previously defined, the level of the arithmetic mean of h 1 is positioned at the level of h 0 in the total aperture h. This means that the global geometry scale at the global contact patches, x c , may be described by h 0 =ĥ 1 − g 00 , where g 00 is the rigid-body interference (movement) of the bodies in contact. The rigid-body interference may be resembled by the distance, a corresponding rigid plane is pushed into a deformable counter-surface and is thus a direct result of the displacement u. By incorporating this information into equation (2), the aperture on the local scale corresponding to the coordinate y may be described as
Because of the subtraction of the rigid-body interference, the above definition ensures that the aperture is always zero at contact spots. Note that the current deformation model does not consider tension between the surfaces in contact. A deformed rough aperture will have a contact area that is less than the total nominal area (i.e. unless completely deformed demonstrating 100 per cent contact area, the aperture consists of patches with and without contact). Thus, the following auxiliary system may be posed
where y c defines the contact spots on the local scale and p p is the hardness of the softer surface. The subscript d has been added to indicate that h d is the deformed aperture. The solution to the above system is illustrated in Fig. 2 , which shows the relation between the pressure and the deformed aperture. The amount of elastoplastic displacement and thus the shape of the deformed aperture h d is here governed by the load carried by the aperture, i.e. the shaded area in the figure, defined as
The elastic displacement contribution u e of u in equation (3) may, according to the Boussinesq-Cerruti theory, be calculated from
where the notation (K * p d ) has been introduced to denote the linear convolution of K and p d . The convolution kernel K , according to the frictionless elastic half-space assumption, is defined as
where E is the composite elastic modulus expressed as
with E k being the Young's modulus of elasticity and ν k being the Poisson's ratio for surface k.
The elastic displacement of a rough aperture with partial contact cannot usually be calculated analytically and thus needs to be evaluated numerically on a finite domain. The discrete version of equation (6) is the cyclic convolution written as
Note that K is periodic such that
The evaluation of the sums in equation (9) requires N 2 × M 2 operations. For rough surfaces, the contact mechanics problem requires numerous sampling points (N and M ) to adequately represent the aperture. This means that the evaluations of the sums become extensive in terms of data storage and computing time.
The continuous convolution theorem states that the linear convolution of K (y) and p(y) may be computed as a simple pointwise multiplication of their Fourier transforms. This applies also to the cyclic convolution in equation (9) with discrete Fourier transform (DFT). Let F{f } and F −1 {f } be the DFT and the inverse IDFT of f , then
operations. The discrete contact mechanical system to be solved may now be written as the following set of equations and inequalities, where the load governs the pressure distribution and thus the amount of displacement
Here, δ 1 and δ 2 are the grid spacings in the two coordinate directions. The pressure p d is approximated as piecewise constant at each element spanned by
The rigid-body interference g 00 in equation (12a) is a constant associated with the location of the contact plane. Because the above system is determined by W d , g 00 may be removed from the system in the solution process. Since the contact plane is located at the minimum of h d , which is zero by definition, the rigid-body interference g 00 can be easily retrieved from u.
Naturally, the FFT algorithm is employed for the computation of the DFTs in equation (12a). The execution time for FFT depends on the size of the matrix to be transformed, although it is fastest for sizes that are powers of two. Liu et al. [13] developed the concept of computing the elastic displacement with DC-FFT.
The discrete cyclic convolution, equation (11) or equation (9) , requires periodic input and produces periodic output. Hence, the convolution kernel K , as well as the rough aperture h 1 , need to be periodic on the computational domain, here defined by Y . However, this is not a limiting restriction. On the contrary, this requirement for periodicity is well suited to the model presented in this article, since it is also a necessary requirement for the hydrodynamic model and thus for the two-scale assumption in the current mixed lubrication model. The periodicity requirement will be discussed further in later sections.
The algorithm prescribed here to solve the contact mechanical system for the partial contact defined in equation (12) is similar to the one outlined by Stanley and Kato in reference [11] for purely elastic contact. A major difference is that a new method is presented here to also account for the plastic part of the displacement without any loss in computational efficiency. The algorithm is a process of finding a pressure distribution such that both the pressure and the displacement conform to equation (12) . In the process of finding p d , both negative pressure and pressure greater than p d may appear.
Let us, therefore, define I 0 as the indices (of the grid nodes) where there is no mechanical contact (p d = 0), I e as the indices representing contact zones with only elastic displacement (0 < p d < p p ), and I p as the indices representing contact zones with both elastic and plastic displacement (p d p p ).
As an example, by using this notation, the pressure at the indices with only elastic displacement will be denoted (p d ) Ie . The contact mechanics algorithm used in this article may now be summarized by the flow chart in Fig. 3 , together with the following explanation with corresponding numbering. Because of the assumption of perfect plasticity, the points on the surfaces belonging to I p will unconditionally float to the contact plane. 8. As for the convergence criteria, check whether the points on the deformed surface (h 1 + u e − g 00 ) at the indices indicating elastic contact (I e ) are sufficiently close to a plane. Note that this means Fig. 3 Flow chart of the present contact mechanics algorithm that it is not possible to achieve convergence in a case when all points on the surface undergo plastic displacement. Fortunately, if this would occur, the solution is obvious and there is no need for an iterative solution method. 9. The pressure distribution, corresponding to the prescribed load, that elastically deforms the roughness function h 1 such that points of only elastic displacement form a plane has been obtained. The plastic displacement may be now calculated and thus the total displacement.
The algorithm is based on finding the truncated pressure distribution (i.e. 0 p d p p , that gives rise to the appropriate elastic displacement, using the contact plane as the criteria for convergence). Therefore, the indices of both elastic and plastic displacement, I p , are removed from the contact plane criteria. By calculating the elastic displacement (stage 6 in Fig. 3 ) with the truncated pressure distribution, it is ensured that all points corresponding to I p will have the correct contribution to the elastic displacement everywhere in the domain. The plastic displacement u p is obtained directly from the contact plane when the convergence criterion has been fulfilled. The points on the surface corresponding to I p will, by definition, unconditionally float to the contact plane. A very important feature of the prescribed algorithm is that if (re-)employed taking the plastically deformed surface profile from the previous run as input, then by definition, this will return a solely elastic displacement.
A loaded model surface roughness is shown in the upper right part of Fig. 4 . Zero on the vertical axis represents the location of the lowest point of the unloaded surface. The different curves represent the loads (W d = 0, 50, 100, 400, 800 MPa), and the location of the contact plane is easily seen for each curve.
For high enough load, the surfaces will remain plastically deformed at certain locations after unloading. This is shown in the sub-figure just below the loaded surface where the corresponding plastically deformed surface is plotted for different loads.
To the middle left of Fig. 4 , the loaded surface is plotted with the plastic displacement excluded. The contact planes are represented by markers, which are the points used in the contact plane convergence criterion. To display the points representing the contact plane more properly, a magnified part of the elastic displacement from the middle left of Fig. 4 is shown in Fig. 5 . It can be seen that the curve corresponding to the lowest load does not exhibit plastic displacement (i.e. no part of the curve penetrates the contact plane). For the higher load, there are four points located in the contact plane. In between these points the curve has penetrated the contact plane showing that this is a region of both elastic and plastic deformation.
HOMOGENIZED FLUID PRESSURE
The hydrodynamic part in a tribological interface will here be modelled by the Reynolds equation, homogenized with respect to the roughness. Recall the definition of the two-scale aperture in equation (1) . Let us now introduce a parameter ε > 0 that describes the wavelength of the surface roughness and an auxiliary variable y defined as y = x/ε. The aperture as a function of only x may then be described as
The Reynolds equation describing incompressible and iso-viscous flow in an aperture modelled by the equation above may be written as
where x ∈ ⊂ R 2 , λ = 6ηU and the subscript indicates the parametrization in ε. Now, consider the 
The result of the homogenization process (see Almqvist and Dasht [36] ), is then that the Reynolds equation (14) converges towards the following homogenized equation as ε → 0
with the homogenized pressure p 0 as the output. The homogenized coefficients A and B are written as
where y ∈ Y = [0, 1] 2 and (e 1 , e 2 ) is the canonical basis in R 2 and χ 1 , χ 2 , and χ 3 , are solutions to the local 
For a rotating thrust bearing application, use of the cylindrical polar coordinates (x 1 , x 2 ) = (r cos θ , r sin θ) is convenient. The Reynolds equation in cylindrical polar coordinates for the aperture defined by equation (13) becomes
or is written out in its expanded equivalence as (20) where = 6ηω. The corresponding homogenized version reads
where the cell problems (equation (17)), are also modified with r according to the polar coordinate description [36] . The homogenized equation describes the roughness influence on fluid flow in the limit of a vanishing wavelength ε → 0. Of course, this never occurs in reality, where the roughness wavelength always remains finite. Part 2 [1] of this article presents results from measurements of the hydrostatic flow through rough apertures. A comparison between the output from these experiments and the modelled output from the proposed mixed lubrication model was made, in which the homogenized Reynolds equation governs the fluid flow. The results compare well and serve as a validation or justification for using the homogenization technique also for problems considering apertures originating from surface measurements. More information on this topic can be found in references [36] and [49] . The theory presented here may be extended to compressible lubrication [36] and for unstationary conditions [38] .
HOMOGENIZED FLUID FLOW
In this section, the homogenized volume (or mass) flow based on the homogenized Reynolds equation (equation (16)), will be derived. The fluid volume flow, according to the thin film assumption and with the aperture defined in equation (13), may be written asQ
∂p ε ∂x i dx 1 dx 2 (22) where the subscript ε indicates the parametrization, i is the flow direction, and L i is the domain length in the flow direction. The homogenized form of this equation will be derived.
From equation (15) it is seen that the gradient of p ε can be written as
The zero-subscript refers to the homogenized quantity, such as the homogenized pressure p 0 . By making use of this the following result is obtained
where
Analogously with equation (23), the integrated flow (equation (22)), becomes (24) with Q 0i being the homogenized flow in the i-direction. From the homogenization process of the Reynolds equation (e.g. Kane and Bou-Said [27] ), the coupling between p 0 and p 1 is given by
Using the above expression for p 1 , note that p 0 is a function of x only, equation (24) for an arbitrary function C becomes
with summation index j = 1, 2 and i representing the flow direction. By substituting the homogenized coefficients A and B into equation (26), the homogenized flow becomes
HOMOGENIZED VISCOUS TRACTION
The viscous shear stress is given by
By differentiating the velocity field (based on the thin film assumption) with respect to x 3 and evaluating the result at surface x 3 = 0 one obtains
The traction or friction force may then be expressed as
in the sliding direction. As with the volume flow, the above equation will, as ε → 0, converge towards the homogenized traction, which is written as
with summation over j = (1, 2), or
In the case of a rotating component, the frictional torque may be expressed as
in polar cylindrical coordinates where (θ , r) ∈ ⊂ R 2 . Now, let x 1 = θ and x 2 = r; the above equation will then, as ε → 0, become
where the pressure gradient and cell problems are solved from the homogenized Reynolds problem in cylindrical polar coordinates.
FLOW FACTORS
For the surface roughness data discussed in the previous section, it is possible to compute the homogenized coefficients (equations (17a) and (17b)), in a parametrized fashion before solving the complete homogenized system (equations (16) and (27)). Such a procedure has the following benefits 1. Limits the number of cell problems needed to be evaluated. 2. Ensures that the same cell problems are solved only once (h 0 may have the same value for several global grid nodes). 3. The homogenized coefficients from a specific roughness signal may be used on any global geometry.
Resume equation (1), where the rough surface aperture is described by
with one global part h 0 and one local part h 1 , which is assumed to be a periodic representation of the surface roughness. The procedure of measuring a surface and adapting the data signal so that it can be used as h 1 above is outlined in Part 2 [1] . The aperture, h, depends on both x and y, as does the local cell problems (equation (18) and the coefficients equation (17)), which need to be numerically evaluated for each value of x (i.e. for each global grid node). However, since y and x are invariants, the properties of the aperture at an arbitrary global grid node, x = x = (x 1 , x 2 ), can be investigated. At this global grid location the following quantities are present: the scalar value α = h 0 (x 1 , x 2 ) (in hydrodynamic regime) and the functions h 1 (y) and h(x 1 , x 2 , y), with h being simply the scalar value α plus the function h 1 (y). These aperture quantities are illustrated for full film (hydrodynamic) conditions in Fig.  6(a) , which emphasizes that the function h 1 is periodic on the unit cell Y and y ∈ Y . When α decreases towardsĥ 1 and below, the rough aperture will deform due to direct mechanical contact between asperities. Recalling the definition of the loaded aperture (equation (3)), gives
where u is the displacement (elastic or elastoplastic) of the rough aperture h 1 when exposed to a load and g 00 is the rigid-body movement associated with the approaching distance between one rigid point on each surface. The definition implies that the contact plane will always be located at h = 0. Figure 6 (b) shows a schematic representation of the loaded and deformed rough aperture and its relation to the undeformed aperture. The parameter α is directly related to the distance between one rigid point on each surface in the aperture. In hydrodynamic lubrication (HL), α is simply the mean separation of the aperture defined asĥ, clearly illustrated in Fig. 6(a) . In mixed lubrication (ML) conditions, α is equal to the difference between the arithmetic mean of the undeformed surface and the rigid-body movement, g 00 (see Fig. 6(b) ). Thus, the local aperture h(y) from Fig. 6 (a) may be expressed in HL conditions and Fig. 6 (b) in ML conditions, as
Note the modification of adjusting α with a small constant = 10 −8 m. This is to avoid the aperture to be identically zero for numerical reasons. The subscript indicates that h α is parametrized in α. For HL conditions, the roughness function h 1 remains unchanged as the mean separation α ĥ 1 . For ML conditions, the displacement, due to a load corresponding to the rigidbody movement g 00 =ĥ 1 − α, will alter the local rough aperture for each value of α <ĥ 1 .
Rather than solving the cell problems (equation (18)), and the homogenized coefficients (equation (17)), for all values of x, the idea is to solve the corresponding problems for a limited range of α values. The parametrized homogenized coefficients will be called flow factors and can be interpolated from the parameter space to a spatial domain. For a sufficient range of α values, any global geometry may be used when solving the full homogenized flow problem, e.g. equations (16) and (27) .
To further generalize the problem, the aperture may be put into dimensionless form
where h r is an appropriate scale parameter, preferably based on the height information of h 1 . The cell problems from equation (18), introducing the reference parameter h r , become
where χ i are unchanged andχ 3 is scaled with h r and λ according tõ
Similarly, the non-dimensional homogenized coefficients becomẽ
The coefficientsÃ α andB α and the cell problemsχ i andχ 3 are all independent of λ and h r . Hence, they are only dependent on the dimensionless surface roughness and the parameter α in the hydrodynamic regime, and on the loaded surface roughness in the ML regime. Note that the value α corresponds to the relative rigid positioning of the surfaces (rigid datum) (i.e. equivalent to the mean separation only in HL conditions). This is because the displacement u also includes a rigid-body movement g 00 , which is considered when adopting the coupling between the global film thickness h 0 and local flow factors.
In order to solve the homogenized problem the parametric flow factorsÃ α andB α need to be transformed into continuous flow factorsÃ(x 1 , x 2 ) and B(x 1 , x 2 ) for the specific global problem. The homogenized Reynolds equation in dimension, but with dimensionless homogenized coefficients, may be written as
The homogenized flow, also expressed in terms of the non-dimensional coefficients, becomes
In the case of compressible lubrication, the fluid density depends on the hydrodynamic pressure. When a constant bulk modulus is assumed and defined as β = ρ∂p/∂ρ, the pressure-density relation becomes p = p c + β ln(ρ/ρ c ), where subscript c indicates the value at cavitation or atmospheric pressure. An interesting result is that the homogenization process of the compressible Reynolds equation modelled with constant bulk modulus leads to identical dimensionless flow factors equation (41) [36] . The homogenized Reynolds equation describing compressible flow may be written as
where the homogenized dimensionless density, θ 0 = ρ/ρ c , is the new solution variable. The fluid flow is now more appropriately expressed in terms of mass flow
The Reynolds equation may be homogenized with other lubricant properties (see e.g. Bayada et al. [51] , who included piezoviscous effects).
PC flow factors
PC developed a flow factor method in references [14] and [15] that has been widely used by other researchers. Their flow factor method, which will be compared with the present, is briefly described in this section. Surface displacement is not accounted for in the PC model. Instead they defined an average film thickness based on the probability density function of the roughness at locations of asperity interference. To facilitate the comparison between the methods, the PC flow factors will here be computed for the same roughness aperture function, H α , as used in the present model. This means that the surface displacement will be identical for both methods and the comparison is isolated to the differences in flow models. PC derived an averaged Reynolds equation of the form
where φ i are the pressure (or Poiseuille) flow factors, φ s is the shear (or Couette) flow factor, and h r is the average gap. The pressure flow factors are calculated through simulations of the following model problem
Equation (47a) is solved together with the Dirichlet boundary conditions (47b) in the flow direction, where p a = 0, and the Neumann conditions (47c) in the perpendicular direction. φ 1 is calculated as the ratio between the mean Poiseuille flow for the rough model problem and the flow for the smooth case
Because of the Neumann boundary conditions in the cross-flow direction, the flow averaged in the x 2 -direction is constant in the x 1 -direction, meaning that the above averaging in the x 1 -direction is superfluous. Exactly the same problems are solved in the x 2 -direction for φ 2 (i.e. with Neumann in the x 1 -direction and Dirichlet conditions in the x 2 -direction, and taking the Poiseuille flow in the x 2 -direction). Note that the flow factor, φ i , only depends on the surface roughness function, H α , and will be identical for any value of the pressure drop, p a . As with the pressure flow factor, the Couette flow factor φ s is calculated through simulation of the following model problem
where the same boundary conditions as in equation (47) are used but without global pressure gradient (i.e. p = p a at x 1 = 0 and x 1 = ε 1 ). The pressure from the model simulation above is then used to calculate the shear flow factor as
Note that for simplicity the smooth surface is considered to be sliding and that the rough surface is considered to be standing still. The pressure flow factor φ 1 is related to the homogenized flow factorÃ 11 and φ 2 toÃ 22 from equation (41) . By expressing the shear flow factor in a modified form, as
it compares toB 1 from equation (41) . The averaged Reynolds equation can then be written as
Note the lack of cross terms corresponding toÃ 12 , A 21 , andB 2 in the above method by PC. With the more complete flow factor representation of the homogenization, the sliding and global pressure gradient in one direction affect the flow in the other direction through the off-diagonal components in the flow factor tensors. Hence, it is likely that the PC and the present homogenized flow model (HNS) will give similar results for surfaces having a strong orthogonal lay or being isotropic, but will differ for surfaces having a diagonal lay or being anisotropic, as shown by e.g. Peeken et al. [18] .
Numerical implementation
In the current article, a 2D cubic interpolation scheme is used for all flow factors in the conversion between the parameter space and the spatial domain of the simulated application. All spatial derivatives, such as those included in the partial differential equations (39) and (42) , are approximated by central differencing schemes of second order. The discrete roughness signal h 1 needs to be sufficiently resolved to allow the central differencing. To loosen the resolution demand the roughness data are smoothed and modified as outlined in Part 2 [1] .
The cell problems, equation 39, are solved on the unit cell of periodicity Y with the roughness signal, which is modified with the parameter α, as the only input. Contact spots of the zero aperture are found in the ML regime. The most appropriate way to solve the hydrodynamics in this regime would probably be to impose Neumann boundary conditions describing zero flow at the edges of the contact spots. However, with the current numerical scheme, the solution variable is solved for every grid node on Y , even at the contact spots for simplicity. α is increased with the small constant = 10 −8 m in order to avoid numerical problems with oscillating solutions near the borders of the contact spots.
RESULTS AND DISCUSSION
In this section, flow factors computed for three different surface roughness samples are visualized; one unidirectionally milled, one cross-milled, and one unidirectionally ground surface. These surfaces are shown in Fig. 7 , where each whole image represents the original roughness measurement. As stated before, it is important that the rough surface data are periodic when used as input to the model.
A first action to make the data less non-periodic is to identify a periodic pattern in the measurement and, based upon that pattern, to define a (periodic) subset of the data. Such subsets are represented by the white borders in Fig. 7 . To be able to compute adequate flow factors for the subsets the data must be further adapted. More information about the roughness data and the steps involved in the adaptation is described in detail in Part 2 [1] . However, some auxiliary information about the surfaces from Fig. 7 in terms of roughness parameters is given in Table 1 .
An example of the interpolation of the flow factorÃ 22 , which is computed with the aperture scale parameter h r =ĥ, for surface 1 is shown in Fig. 8 . For cylindrical polar coordinates, the flow factors depend also on the radius, which means that they become parametrized in both α and r. The roughness orientation corresponds to (θ, r) = (x 2 , x 1 ), where x 1 is in the vertical direction of the roughness samples in Fig. 7 . The computed flow factor in parameter form, A α , corresponds to the plotted points in Fig. 8 and the shaded surface demonstrates an interpolation to the corresponding coefficientÃ(x 1 , x 2 ). If the flow factor corresponding to r = 1 is considered (or if Cartesian coordinates are used), it can be seen that it approaches 1 and the influence from the roughness decreases as the aperture gap increases. When the gap decreases, the effects of the roughness increases. As the gap undergoes asperity contact, deformation occurs and the flow restriction increases.
The value α/ĥ 1 = 1 specifies the limit where mechanical contact occurs and the flow related to theÃ 22 direction almost completely vanishes at this point for this type of surface. This is due to the strong striations resulting in an almost complete shutoff of flow in the horizontal direction of Fig. 7(a) as the aperture is deforming. Consider now Cartesian coordinates, which are the same as r = 1 in cylindrical polar coordinates; a comparison between the flow factors from the current method (HNS) (equation (41)), and the PC approach (equations (48) and (51)), is given in Fig. 9 .
The PC and HNS methods give similar results for surfaces 1 and 3. For these two surfaces, there is an insignificant effect from the cross-diagonal termÃ 12 because of the orthogonal roughness lay. The pressure gradient in one direction will have insignificant influence on the flow in the other direction. It can be seen that the flow factors representing the transversal direction (i.e.Ã 22 and φ 2 in the top figures, for surfaces 1 and 3 approach zero as α decreases meaning that the ridges will completely restrict the flow in that direction for a certain load).
The flow contributions in the longitudinal direction are associated withÃ 11 and φ 1 . It is evident from Fig. 9 that the pressure-driven flow is increased in the conducted. For the topographies tested that exhibit a longitudinal lay, the flow factors compare well, but, due to the more complete flow description by the present model the results differ substantially for a cross-patterned topography.
